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Optimized Solutions for Kistler K-1 Branching Trajectories
Using Multidisciplinary Design Optimization Techniques
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Fully reusable two-stage-to-orbit launch vehicle designs that incorporate branching trajectories during their
ascent are of current interest in the advanced launch vehicle design community.Unlike expendable vehicle designs,
the booster of a two-stage reusable system must � y to a designated landing site after staging. Because of a mutual
dependence on the staging conditions, both the booster � yback branch and the orbital branch of the ascent
trajectory must be simultaneously optimized to achieve an overall system objective. The optimum solution is
often a compromise between the local objectives of the two branches. Current and notable designs in this class
include the U.S. Air Force Space Operations Vehicle designs, the Kelly Astroliner, the Kistler K-1, and NASA’s
proposed liquid � yback booster designs (space shuttle booster replacement). Solution techniques are introduced
that are well suited to solving this class of problem with existing single-segment trajectory optimization codes. In
particular, thesemethodsoriginatefrom the � eld ofmultidisciplinarydesign optimizationandincludeoptimization-
based decomposition and collaborative optimization. The results of applying these techniques to the branching
trajectory optimization problem for the Kistler K-1 launch vehicle are given and conclusions are drawn with
respect to computationalef� ciency and quality of the results. In general, partial optimization-baseddecomposition
was preferred due to its superior robustness, ease of setup, fast execution time, and optimality of the results.

Nomenclature
gi = system-level constraint, compatibility constraint
Ji = local error function used in collaborativeoptimization
x = feedforward or feedback coupling variable between

trajectory branches
x 0 = intermediate or guessed value of x

Introduction

T O lower costs, designers of advanced two-stage-to-orbit
(TSTO) launch vehicles are considering launch systems in

which the booster stage can be recovered, serviced, and re� own.
Often the reusable booster is required to land at a predesignated
recovery site either near the original launch site [return-to-launch-
site (RTLS) trajectory; Fig. 1] or downrange of the staging point.
In these cases, the entire trajectory is composed of three parts. The
ascent portion follows the mated vehicle from launch to staging. At
this point, the trajectory is assumed to split into two branches. One
is the orbital branch beginning at staging and following the orbital
upper stage to orbit. The second branch, or � yback branch, starts at
staging and follows the reusable booster to its landing site. Because
of long recovery distances or required out-of-planemaneuvers, the
booster is often powered for its � ight to the landing site.

In general, both the orbital branch and the � yback branch rely on
the (mated) ascent trajectory for their respective initial conditions.
These initial conditionsforma state vectorcomprisinggeographical
position, altitude, velocity, � ight-path angle, velocity azimuth, and
possibly staging weight. In the most complex cases, the ascent tra-
jectory will also dependon the results of both subsequentbranches.
When it is assumed that the booster is powered, the amount of � y-
back propellant required by the booster in� uences the gross liftoff
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weight of the vehicle and, thus, the ascent path. The weight of the
upper stage (which is dependent on initial staging conditions and
the payload) also affects the gross liftoff weight of the vehicle and,
thus, the ascent path. Consequently,all three segments of the entire
trajectory are nonhierarchicallycoupled or interdependent(Fig. 2).
In certain numerical simulations, it may be computationally con-
venient to combine the ascent trajectory and the orbital branch to
create one computer job, as is the case with the Kistler K-1. In this
case, the problem can be reduced to two nonhierarchicallycoupled
segments.

Optimization of branching trajectories differs greatly from that
of single-segment trajectories. The fact that there are two, or even
three, different parts of the overall branching trajectory makes the
optimizationmore complex.The mutual dependenceof the branches
on the staging condition typically means that compromises must be
made between the orbital and � yback branches. For example, an
upper stage typically prefers a larger � ight-path angle at staging.
A steep � ight-path angle helps it reach its orbital destination in a
shorter amount of time and, thus, aids in maximizing the payload
delivered to orbit. At the same time, a typical booster prefers a
smaller � ight-path angle at staging. The closer the velocity vector
is to the horizontal, the faster the booster can achieve the negative
� ight-path angle that is needed to aim the vehicle back to the Earth.
Thus, a shallow � ight-path angle helps to minimize � yback propel-
lant. It is evident that a compromise is needed between these two
local objectiveswhen the overall trajectory is considered.

In many trajectory optimization problems, the overall objective
is to maximize the payload to orbit for a given launch mass. If
the problem has a powered � yback branch, a further constraint is
that the booster have suf� cient � yback propellant to safely reach
its landing area. Carrying excess � yback propellant will reduce the
vehicle’s payload delivery capability to orbit. Insuf� cient � yback
propellant is equally unacceptable.Therefore, correctly calculating
the � yback propellant requirement (with any required performance
reserve margin) and providing that information to the overall gross
mass calculationat the beginningof the ascent segment representsa
feedback link from a downstreamsimulation to an upstreamsimula-
tion and introducesthe added complexityof nonhierarchiccoupling
to this class of branching trajectories.

Traditional Solution Methods
Unfortunately, a common method currently used in industry

for optimizing a branching trajectory problem (henceforth the
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Fig. 1 RTLS branching trajectory.

Fig. 2 Nonhierarchic coupling for a typical branching trajectory.

one-and-donemethod), although recognizing the feedforward cou-
pling of the ascent trajectory to the orbital and � yback branches,
ignores the � yback propellant feedback from the � yback branch to
the ascent trajectory. The ascent trajectory, orbital branch, and � y-
back branch are treated as separate but sequentialoptimizationsub-
problems. A reasonable guess at upper stage mass, � yback propel-
lant, and associated structure is made to establish an initial booster
weight. Then the ascent is optimized for maximum weight at stag-
ing (or some similar criterion). The ascent trajectory will produce a
stagingstate vectorused to initiate the orbitalbranchand the � yback
branch.This vector includesaltitude, velocity,� ight-path angle,ve-
locity azimuth, latitude, longitude, and sometimes staging weight.
The orbital branch will typicallybe optimizedwith respect to maxi-
mizing the upper stage burnout weight, whereas the � yback branch
will typically be optimized with respect to minimizing the � yback
propellant consumed.

There are a number of de� ciencies in the one-and-donemethod.
A major de� ciency is that the � nal solution is not internally consis-
tent. In otherwords, it is not guaranteedto be convergedbetween the
subproblems.For example, the initial estimate for upper stage pay-
load used to begin the processmay not match the calculatedpayload
determinedby the subsequentorbitalbranch.Equally important, the
booster � yback propellant feedback is not present.Because the ana-
lystmust guessthe � ybackpropellantrequiredbeforeoptimizingthe
ascent branch, the potential for having either excess or insuf� cient
� yback propellant is high.

If time allows, the aforementionedde� ciencies can be eliminated
throughsimple iterationbetweenthe ascent,upper stage,and the � y-
back branches. That is, the results from the downstream solutions
can be used to update the initial guesses used to start the ascent tra-
jectory, and the process can be iterated until the coupling variables
are converged.From this point on, this method will be referred to as
the manual iteration method. The manual iteration method is com-
mon in practice to eliminate internal consistencyproblems between
segmentsof a nonhierarchicallycoupledbranchingtrajectory.How-
ever, a signi� cant de� ciency still exists with this method as with the
one-and-donemethod.

At a fundamental level, these methods are inherently� awed. The
objective functions of the subproblems are not the same; therefore,
they can be in con� ict. If the system-level objective is to deliver
the maximum payload to orbit with a given size booster, then why
should one expect an optimum solution from a method that � rst
determines a staging condition by maximizing the payload to orbit
for the orbital branch, then minimizes the � yback propellant from
that point for the � yback branch? Assuming the ascent and � yback
propulsion systems draw their propellants from a common tank,

could not a compromise in the staging condition be made such that
the � yback propellant is reduced, and thus the booster propellant
availablefor ascent is increased?A rigoroussolutionto this problem
requires simultaneous and coupled treatment of all branches of the
trajectory and the establishment of a single, consistent objective
function between them, that is, a system-level optimization.

Branching Trajectory Optimization in the Launch
Vehicle Community

Many in industryhave recognizedthe de� cienciesof the one-and-
done and manual iterationmethods.Some have employedtrajectory
optimization tools that solve the branching trajectory problem as a
nondistributedproblem. For example, the computer code OTIS has
the ability to simulate the entire branching trajectory as a single
simulation.1 However, descriptions and results for applications of
OTIS to nonhierarchically coupled branching trajectories are not
currently available in the public domain, that is, branching trajec-
tories in which the results of a downstream branch must be used to
update the initial conditions of the ascent branch.

Shuttle inertial upper stage (IUS) trajectorieswith branches have
been simulated by previous researchers.2 An ascent trajectory was
simulated for the orbiter from launch to an intermediate parking
orbit. From this orbit, trajectories required for the shuttle deorbit
and IUS mission were generated.The overall problem was a param-
eter optimization problem with variables that corresponded to the
magnitude of the shuttle and IUS propulsive maneuvers and con-
straints for the mission requirements.An overall optimizationusing
a sequential quadratic programming algorithm was performed to
satisfy the mission constraints of the two branches while maximiz-
ing the payloadweight of the IUS. Although these trajectoriesdiffer
from the branching trajectory de� nition of the Introduction, the so-
lution with an overall optimizer found that compromises in shuttle
deorbit requirements and IUS performance were necessary to � nd
the desired system optimum of maximum payload.Feedback of the
propellants was not considered in Ref. 2.

POST3 has been used by other researchers to solve some branch-
ing trajectories.Branching trajectory research has included investi-
gations of a bimese-type two-stage launch vehicle with a glideback,
or nonpowered, RTLS booster.4 Separately optimized ascent and
glidebackPOST subproblemswere used for thesenonhierarchically
coupled simulations.

A Sänger-likevehiclewith an orbiterand a ramjet-poweredRTLS
booster has also been investigated.5 The study was used to analyze
the effects of various amounts of airbreathing and rocket propul-
sion during ascent. Thus, optimization for an overall objective was
not the goal of the analysis and was not addressed. The trajectory
simulations for the ascent, orbital, and � yback branches were run
separately with the staging conditions (including altitude, veloc-
ity, and � ight-path angle) � xed for staging at Mach 6. The sizes
of the booster and the orbiter were also � xed. Internal propellant
volume in the booster could vary, however. While trying to � nd the
boostergross weight needed to lift the orbiter,cruisebackpropellant
weight was estimated.Feedbackof the actual � yback,or cruiseback,
propellant weight required was not modeled, but would have been
bene� cial because the cruise distance and booster staging weight
changed for each different gross weight.

Trajectory Optimization with POST
POST I, widely used in conceptual launch vehicle design, is not

capable of simultaneously treating and optimizing all parts of a
branching trajectory.POST I is a generalizedevent-orientedtrajec-
tory analysis code that numerically integrates the equations of mo-
tion of a � ight vehicle givende� nitionsof aerodynamiccoef� cients,
propulsion system characteristics, atmosphere tables, and gravita-
tional models. Guidance algorithms used in each phase are user
de� ned. Numerical optimization is used to satisfy trajectory con-
straintsand minimize a user-de� ned objective functionby changing
independentsteering and propulsionvariables along the � ight path.
POST I runs in a batch execution mode and depends on an input
� le (or input deck) to de� ne the initial trajectory, event structure,
vehicle parameters, independent variables, constraints, and objec-
tive function. Three-degree-of-freedom and six-degree-of-freedom
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versions are available to quali� ed researchers. Multiple objective
functions and simultaneous trajectory branches cannot currently be
de� ned in POST I.

The POST I sequel, POST II,6 is currently being distributed to
quali� ed researchers on a limited basis for beta-test, or prerelease
testing, but was not available for this study. Like OTIS, POST II can
simulatemultiplevehiclesand thus branchingtrajectoriesas a single
nondistributedtrajectorysimulation.At this time, � ybackpropellant
feedback is not a direct option of the code, but has the potential to
be included as part of the code’s user-de� ned calculations.

Overview of the Present Research
For this research, the optimization of nonhierarchicallycoupled

branching trajectories has been solved using the three-degree-of-
freedom version of the POST I code. One of the ground rules of
the present study was to develop a solution approach to this prob-
lem that could be introduced into the design community without a
signi� cant change to the incumbent toolset. The incumbent toolset
is assumed to be limited to a single-segment trajectory optimiza-
tion code. The traditional solution approaches of the one-and-done
method and manual iterationmethod used for comparisonrely on at
most three separatePOST input subproblems:one for the ascent tra-
jectory subproblem,one for the orbital branch subproblem,and one
for the � yback branch subproblem. Each subproblem is a separate
computational job, with its own input � les, independent variables,
constraints,andobjectivefunction.The multidisciplinarydesignop-
timization(MDO)approachesintroducedin this paperhave retained
the POST I code and the use of at most three separate computational
jobs (one job for each subproblemor branch) but eliminatedany ob-
jective function con� ict and lack of data consistencybetween jobs.
As a result, a solution with internally consistent data (the feedback
propellant is re� ected in the initial gross weight, etc.) and with a
single system-levelobjectivefunction(without con� ictingobjective
functions for each subproblem) has been obtained.

Kistler K-1
To apply this research, the missions of candidate TSTO launch

vehicle designs were chosen to serve as reference missions. In this
paper, only the analysis and results for the Kistler K-1 are presented.
Ledsinger gives a second example for a small payload horizontal
takeoff two-stage vehicle with an airbreathing booster and a rocket
upper stage.7

Many reusable launch vehicles are currently being developed by
commercial industries with the goal of capturing a pro� table share
of the growing satellite launch market. Such is the case for the
Kistler K-1 launch vehicle.8 The K-1 (Fig. 3) (Ref. 9) will be a fully
reusable, two-stagevehicle that incorporatesbranchingtrajectories.
The vehicle’s booster will use three Aerojet-modi� ed Russian NK-
33 engines, and the upper stage will be propelled by one Aerojet-
modi� ed NK-43 engine.10;11 There will be different versions of the
vehicle to accommodate various payload classes. One of its mis-
sions will be to deliver a 3400-lb (1542-kg) payload to a 51 n mile
(94.5 km) £ 486 n mile (900 km) £ 51 deg orbit. This mission will
be analyzed in this study. The data (stage weights, trajectory con-
straints, engine data, etc.) pertaining to that mission were provided
directly by Kistler Aerospace.

The trajectory events of the K-1 launch vehicle are shown in
Fig. 4. The K-1 trajectory is an RTLS branching type trajectory as
in Fig. 1. After launch from the site at Woomera, Australia, the K-1
booster will power the vehicle until staging approximately 120 s
later. After staging, the booster performs a pitcharound maneuver
that will guide itself back to within 10,000 ft (3048 m) of the launch
site, to land with airbags and parachutes. The upper stage will con-
tinue on to the designated orbit. For the purposes of this study, the
simulation will end when the orbital insertion conditionshave been
attained.Inreality,theK-1’s upperstagewill deorbitand returnto the
launch site.

For simplicity, the K-1 trajectoryhas been simulated through two
POST subproblems.The � rst follows the vehicle from launch to or-
bital injection of the upper stage. Note that this speci� c simulation
combines the ascent (to staging) and orbital paths (beyond staging)
into a single job. The second, or � yback branch, follows just the

Fig. 3 K-1 launch vehicle.

booster from staging to its RTLS. The independentvariables of ref-
erence K-1 ascent subproblemare 12 pitch angles spaced along the
trajectory at various times and the payload weight. The actual vehi-
clepitch is linearlyinterpolatedbetween these12controlpoints.The
ascent has � ve constraints including orbital insertion criteria (tar-
get altitude, � ight-path angle, inclination, velocity) and nominally
maximizes the payload for a given set of propulsioncharacteristics,
vehicle aerodynamics, K-1 weights, and ascent propellant.

The reference booster � yback subproblem uses six independent
variables: four pitch angles, azimuth of the pitchover maneuver
needed initially to head the vehicle in a direction back to the launch
site, and engine burn time. Two constraints guarantee a smooth
rocket pull up at staging and landing within a certain downrange
distance. Given a set of engine propulsion characteristics, aerody-
namics, and the staging conditions,the � yback trajectorynominally
tries to minimize � yback propellantweight. The staging conditions
from the ascent branch include altitude, � ight-path angle, latitude,
longitude, velocity, and velocity azimuth.

Solution Approach
Solution techniquesfrom the � eld of MDO were advantageously

applied to the branching trajectory problem posed as a coupled set
of subproblems. Table 1 lists the characteristics of the MDO so-
lution techniques that were used: � xed-point iteration (FPI), two
variations of optimization-based decomposition (OBD), and col-
laborative optimization (CO). Partial OBD (PODB) is a technique
in which only the feedback links between subproblems are broken
by introducingcompatibilityconstraints and intermediate variables
to the system-level optimization problem. For example, a coupling
variable x from a downstream analysis is passed directly to the op-
timizer instead and replaced with a new intermediate variable x 0

under the control of the optimizer. This new intermediate variable
serves as the guess into the upstream discipline, and thus, the need
for iteration is eliminated. Compatibility constraints ensure that the
actual coupling variable and the intermediate variable are the same
at the � nal solution.

Full OBD (FOBD)uses this samedecompositionstrategyto break
bothfeedforwardandfeedbacklinks, resultingin a completelyparal-
lel subproblem execution. CO is a multilevel optimization scheme.
These methods have been used successfully by other researchers
for preliminary aircraft design12 and launch vehicle design.13 The
FPI method is a single-level, serial execution technique among the
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Table 1 Solution techniques to branching problems

Internally Iteration Con� icting
consistent between objective System-level Subproblem

Method data branches functions optimizer execution Optimizer strategy

Manual iteration Yes Yes Yes No Sequential Distributed
FPI Yes Yes No Yes Sequential System level (large)
POBD Yes No No Yes Sequential System level (very large)
FOBD Yes No No Yes Parallel System level (extremely large)
CO Yes No No Yes Parallel Distributed

Fig. 4 K-1 trajectory.

subproblems that uses an overall system optimizer. Ledsinger pro-
vides supporting detail on the formulation and characteristics of
each of these MDO techniques for the speci� c problem considered
here. The reader is referred to Ref. 7 for more information. In addi-
tion, the earlier introduced manual iteration method is included for
comparison.

Note that there are many metrics against which to optimize the
trajectoriesof both the upper stage and the booster. In this research,
all of the methods analyzed for the K-1 had a system-levelobjective
of maximizingorbitalpayloadweight.For theK-1 simulation,� xed-
stage inert and propellant weights were used for all weights except
for booster ascent propellantweight, � yback propellantweight, and
payload weight. The sum of the booster ascent propellant and the
� yback propellant was assumed to be constant; thus, an increased
� ybackpropellantrequirementwould reduce booster ascent propel-
lant and vice versa. This � yback propellant requirement creates a
feedback link back to the ascent branch.Note that, in the actual K-1
con� guration, the ascent booster propellant and the � yback propel-
lant are separatelymaintained and are not interchangeableonce the
vehicle is past the design phase.

Results for the Kistler K-1
One-and-Done Method

The one-and-donemethod does not account for the iterative,cou-
pled nature of the ascent and � yback branches. The data extrac-
tion and insertion from the ascent POST subproblem to the � yback
subproblem were performed manually. The results for this method
appear in Table 2. The solution for this method will be the starting
point for all of the methods following this one. As a result, com-
putational time is not listed for this method. The main reason to

show the results of this method is to highlight the large difference in
the objective function (recall that the goal is to maximize payload
weight) that can be achieved when iteration occurs to converge the
coupling variables between the branches.

For one-and-done method, the initial guess for booster ascent
propellant is extremely signi� cant. The percentage of booster as-
cent propellant with respect to the total available assumed for this
simulation was 92.88%. This assumption left 7.12% for the � yback
propellant.After the serial executionof the two POST subproblems,
it was found that several hundred pounds initial � yback propellant
was left over, or not used, even after considering the required mar-
gins. Only 6.08% of the original propellant was needed for � yback
for this unconvergred case. Making some of this propellant avail-
able to the ascent branch could improve payload delivered to orbit.
On the other hand, if the initial guess for booster ascent propellant
percentage was too high, then the possibility of not having enough
� yback propellant would have existed. This scenario highlights an
example of one of the many de� ciencies of this method.

As already stated, the next method and the MDO methods will all
beginwith the solutionto the one-and-donemethod.Thus, the initial
guesses for the following methods are as follows: percentage of
booster ascent propellant 93.92%, percentage of � yback propellant
6.08%, and payload weight 3314.79 lb (1503.6 kg).

Manual Iteration Method
The manual iterationmethod uses local optimizationin both sub-

problems and no system-level optimizer. Execution is sequential
and iterative between the ascent subproblem and the � yback sub-
problem. Flyback propellant (and therefore the split with ascent
boosterpropellant) and payloadfrom the end of both simulationsare
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Table 2 One-and-done and manual iteration
method results for K-1

Payload POST CPU
Method weight, lb (kg) time, s Iterations

One-and-done 3315 (1503.6) —— 0
Manual iteration 3529 (1600.7) 201 6

Table 3 Size of system optimizer
for the K-1 branching case

Method Variables Constraints

Manual iteration —— ——
FPI 19 10
POBD 20 12/11
FOBD 26 24
CO 8 2

provided to initialize the ascent subproblem of the subsequent iter-
ation. The resultant staging state vector from the ascent subproblem
is used to initialize the subsequent� yback subproblem.The booster
weight at staging is also updated as the iterations occur. Again, the
data extraction and insertion steps are manual. Iteration informa-
tion and execution time results are shown in Table 2. The conver-
gence criterion for the manual iterationmethod was � yback propel-
lant weight. The K-1 iteration was considered converged when the
change in this variable was less than 0.01% of the result from the
previous iteration. Six iterations were required. Note that the pay-
load result of 3529 lb (1600.7 kg) is about 129 lb (58.7 kg) higher
than the advertised capability of the K-1 to this orbit. This result
will be used as a comparison case in the MDO method assessment.
Whereas iteration was performed between the two basic subprob-
lems to ensure data consistency (unlike the one-and-donemethod),
the con� icting objective functions between the two branches were
not addressed. That is, the ascent branch was con� gured to maxi-
mize orbital payload,whereas the � yback branch was con� gured to
minimize � yback fuel.

MDO Methods
The MDO methods of FPI, OBD, and CO all require the intro-

duction of a system-level optimizer. The size of the system-level
optimization problem for each of the MDO methods is listed in
Table 3. The system-level optimizer used for all of the MDO meth-
ods was the modi� ed method of feasible directions implemented
by the software program DOTTM . For the FPI and OBD methods,
the gradients for the system-level optimizer were calculated using
central � nite differences.The entire process for each MDO method,
includingdata extractionand insertionand gradientcalculation,was
automated using PERL and CCC codes.

DOT requires that equality constraintsbe formulated as two sep-
arate inequality constraints. Three of the trajectory constraints for
the K-1 POST subproblemswere equalitiesthat, when reformulated
as two inequality constraints, brought the total number of system-
level constraints for the FPI method to 10. Note that for the POBD
method there were either one or two more constraints in addition to
those of the FPI method. In this method, a new intermediate vari-
able representing the guessed � yback propellant is created in the
system-level optimizer and passed to the ascent trajectory simula-
tion when needed. A system-level compatibility constraint is used
to ensure that the guessed � yback propellant, x 0, and the actual � y-
back propellant from the � yback branch trajectory simulation, x ,
are identical at the � nal solution. The compatibility constraint g,
the difference between x and x 0 being zero, can be represented as
either a single quadratic inequalityconstraint[Eq. (1)] leading to 11
total constraints or 2 linear inequality constraints [Eqs. (2) and (3)]
leading to 12 total constraints:

g D .x 0 ¡ x/2 · 0 (1)

g1 D .x 0 ¡ x/ · 0 (2)

g2 D .x ¡ x 0/ · 0 (3)

The compatibility constraints for the FOBD method were posed
as 7 pairs of linear inequality constraints, thus the total number of
constraintswas 24 (14 above the 10 present in the FPI method). The
coupling variables between the two POST simulations are given
in Table 4. The ODB method is also referred to as a simultaneous
analysis-and-designmethod.

FPI
The FPI method involves use of a system-level optimizer and

POST subproblem iteration. The individualPOST subproblemsare
not locally optimized for this method. The individual POST sub-
problems are used simply to integrate the equationsof motion using
the set of controls given by the system-level optimizer. Thus, this
method differs fundamentally from the manual iteration method
used for comparison. In FPI, the approach used to eliminate the
con� icting local objective functions is to elevate all of the trajec-
tory variables for both branches to the system level where the single
objective is to maximize payload weight delivered to orbit. This
method is also called the all-at-once method or nested analysis and
design for this reason. FPI ensures internal data consistencyamong
the couplingvariablesused between the two POST jobs by iterating
between them for each function call from the system-level opti-
mizer. The POST subproblem iterations are considered converged
when the � ybackpropellantweightwas within 0.01% of its previous
value, just like in the manual iteration method.

Detailed quantitative results can be seen in Tables 5 and 6. The
FPI method gave an optimized solution of 3544 lb (1607.5 kg) of
payload weight in 16.3 CPU min with 18 system-level iterations on
an SGI Octane computer with a 250-MHz R10000 CPU. Figure 5
shows how the payload weight varied with each function call. Fig-
ure 5 also shows the number of method of feasible directions itera-
tion counter, the system-level line searches needed to move toward
the solution, vs function calls. Several function calls are needed to
complete a full system-level iteration.Figure 6 shows the constraint
convergence history for the FPI method, plotting the logarithm of
the norm of the nonnegative constraints at the end of each system-
level iteration. Convergence for this and subsequent methods was
considered reached when the change in payload was less than 0.5 lb
(0.2 kg) or 0.1% from the previous iteration.

Table 4 Coupling variables between two branches

Ascent Flyback
Parameter subproblem subproblem

Flyback propellant weight Input Output
Altitude Output Input
Velocity Output Input
Azimuth of velocity Output Input
Flight-path angle Output Input
Latitude Output Input
Longitude Output Input

Table 5 K-1 results comparison (MDO)

Optimized payload POST computational
Method weight, lb (kg) time, s

FPI 3543.64 (1607.37) 976.8 (16.3 min)
POBD 1 3566.82 (1617.88) 939.5 (15.7 min)
POBD 2 3566.85 (1617.90) 941.4 (15.7 min)
FOBD 3585.06 (1626.16) 1808.5 (30.14 min)
CO 3569.04 (1618.89) 6627.0 (1.84 h)

Table 6 K-1 detailed results comparison (MDO)

System-level Average CPU time/
Method POST calls iterations function call

FPI 884 18 1.105 s
POBD 1 843 20 1.114 s
POBD 2 843 20 1.117 s
FOBD 1622 34 0.911 s
CO 2271/4745 7 1.326 min
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Fig. 5 Payload weight and system-level iterations vs function call for FPI method.

Fig. 6 Active constraint history per system-level iteration for FPI method.

OBD
Like the FPI method, the POBD method introduces a system-

level optimizer, and the individual POST subproblems are not lo-
cally optimized.However, the feedback loops are eliminatedby this
method with a compatibility constraint as already discussed. The
POBD method resulted in an optimized payload weight of 3567 lb
(1617.90 kg) in 20 system-level iterations requiring 15.7 min. Ad-
ditional numerical results are listed in Tables 5 and 6.

The FOBD method also involves the use of a system-level op-
timizer and POST subproblems that are not optimized. For this
method, all of the couplingvariables in Table 4 are replacedwith in-
termediate variables (guessed values controlledby the system-level
optimizer) and compatibility constraints so there are neither feed-

back nor feedforward links, and the two POST subproblems can
be executed in parallel if desired. For the FOBD method, the opti-
mization had to be restarted once due to a lack of progress from the
original starting point. After this restart from a new starting point,
an optimal solution of 3585 lb (1626.16 kg) of payload weight was
found.This methodtookabout16CPU min totaland34 system-level
iterations for the entire problem. More quantitativeresults are listed
in Tables 5 and 6.

CO
The CO method7;12 involves the use of a system-level opti-

mizer and a parallel analysis structure. However, for this multilevel
optimization scheme, the POST subproblemsare locally optimized
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using the NPSOL optimizer included in the POST software, allow-
ing the size of the system-leveloptimizer to be substantiallyreduced
(Table 3). There were eight targetvariablesrequired for this method.
These included the payload and � yback propellantweights and the
six other variables that comprised the staging state vector. Target
variables are analogous to intermediate variables in the OBD meth-
ods and are independentvariables under control of the system-level
optimizer. However, unlike intermediate variables, the local sub-
problems do not use the target variables directly but rather try to
match their local versions of the coupling variables to the targets
supplied by the system-level optimizer.7;12 The two system-level
constraints J were calculated using a sum of the squared errors
formulation between the target variables and the local versions in
each POST subproblem. System-level constraint gradient calcula-
tions were performedusing postoptimalitysensitivityanalysis.14 At
the solution, the system-levelconstraintswill be zero, indicatingthat
the targets and the local versions of the coupling variables are con-
sistent for each subproblem. Note that practical15 and theoretical16

Fig. 7 Payload weight vs system-level function call for the CO method.

Fig. 8 System-level coordination for payload weight.

issues with the convergence of CO when using a sum-squared for-
mulation for local J have been observed by some researchers, but
this approachhas been shown to be acceptablefor some problems.13

The objective function, payload weight, was also included as a
target variable (independent variable at the system level). Conse-
quently, the objective function gradient was easily and analytically
derived. The target variable for payload weight was passed to the
ascent subproblem,where it and the actual payload weight from the
POST simulation were used in the calculation of the error function
J1 for the ascent.

The CO method gave an optimal solutionof 3569 lb (1618.89kg)
of payload weight. This was attained in six system-level iterations
requiring 1.84 CPU h. More results are given in the next section.
Figure 7 shows how the payload weight (both the system-level tar-
get and the actual payloadcalculatedby the ascent branch) changed
per system-level function call. Figure 8 shows that the ascent sub-
problem is able to match the target payload weight for the � rst
three system-level function calls shown (1–3). Indeed, the ascent
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subproblem had little trouble matching the target payload for all
function calls. Note also that the system-level optimizer increased
the targetpayloadweight at every iteration to maximize its objective
function.Earliernotedconvergenceissueswerenotobservedfor this
problem.

Results Summary
Tables 5 and 6 give quantitative results for the Kistler K-1 MDO

methods. In Table 5, POST computational time refers to the total
amount of time to run the POST subproblemsfor all calls, including
function calls and gradient calls.

As indicated in Table 5, all MDO methods increased the payload
weight of the K-1, relative to the manual iteration method [3529 lb
(1600.7 kg); Table 2]. The FPI method improved payload by about
15 lb (7 kg) over the manual iteration method. The POBD methods
further improved the payload weight of the K-1 by approximately
38 lb (17 kg) over the manual iteration method (results from both
formulationsof the compatibility constraint are shown with POBD
2 representing the separate inequality constraint formulation). The
FOBD method results in about a 56-lb (25.5-kg) increase in the pay-
loadweightover the manual iterationmethod.Use of the CO method
increased the payload by approximately 40 lb over the manual it-
eration method. The MDO methods gave an approximate 40–55-lb
(18–26-kg) increase over the manual iteration method, a 1.5% in-
crease, which is relevant considering the high costs per pound to
launch payloads.

It was expected that the FPI, POBD, FOBD, and CO methods
would result in the same objective function. That is, all four of
these MDO methods are designed to produce an overall optimiza-
tion problemthat does not have any of the con� icting local objective
functions that are apparent in the manual iteration method and does
not have the internal data consistency problems (lack of conver-
gence) of the one-and-donemethod. No local extrema are known to
exist in the test problem. However, the implementation strategy is
different among the MDO methods.

The suboptimal payload weight produced by the FPI method is
attributed to the numerical noise introduced by the internal itera-
tions required between the two POST subproblems for each func-
tion call from the system-level optimizer. This problem is known
to hamper FPI solutions in general. As the solution is approached,
the accuracy of the gradients required to advance the solution be-
comes very critical. Poor gradients in the objective function and
constraintswill cause the optimizer to stop prematurely.Tightening
the convergence tolerance on the � yback propellant in the internal
POST iteration might improve the situation, but would obviously
increase the computational effort required to solve the problem.

The markeddifferencein thepayloadfoundby the FOBD method
relative to the POBD methods may partially be attributed to the ex-
istence of some degree of numerical slack allowed for intermediate
variable values in the staging vector via the enforcement of com-
patibility constraints. For example, in the FODB methods, a feed-
forward staging vector value such as velocity is under the control of
the optimizer as an intermediate variable. Within the tolerance al-
lowed by the compatibilityconstraint, the intermediatevelocity can
be slightly reduced at the system-level and provided to the � yback
subproblem to the overall bene� t of system. Tightening the toler-
ances on the compatibility constraints will likely bring the POBD
and FOBD methods into closer agreement by reducing the payload
found by FOBD, but with a still further increase in computational
effort required for the FOBD method.

Similarly, the CO method can take advantage of any numerical
slack in the construction of its local error functions to improve the
system performance.Tighteningthe tolerancesat the local levelwill
eliminate this extra degree of freedom, but this method is already
much more computationallydemanding than the other MDO alter-
natives for this problem and requires a more complex setup. CO is
typically favored in multidisciplinary problems where distributed,
even remote, execution of the individual subproblems is needed or
when the problem size makes it prohibitive to elevate all of the lo-
cal independentvariables to the system-level.For this problem, the
applicationof PODB producesa manageablenumberof designvari-
ables and constraints at the system level (Table 3) and is a relatively
straightforward implementation.

Some de� nitions for the columns in Table 6 are required. The
second column, POST calls, refers to the cumulative times a tra-
jectory analysis evaluation occurred, including system-level gradi-
ent (except for the CO method, which were analytic), line search
evaluations, and internal FPIs. Note that the two POBD methods
are the most ef� cient by this metric. FOBD requires nearly twice
as many function calls and thus nearly twice the solution time
(Table 5). There are two POST call numbers given for the CO
method. The � rst is the number of POST calls to the ascent sub-
problem, the second is for the � yback subproblem. As would be
expected, the number of POST calls for the CO method is sig-
ni� cantly larger than that for the other methods (7016 total). Al-
though the number of system-level iterations is smaller for CO,
many POST calls within the subproblems at each iteration were
required.

In the fourth column, CPU time refers to the average time it took
for one system-level function call to run, be that iteratively, se-
quentially, or in a parallel manner. At � rst glance, the average CPU
times per function call listed in Table 6 are not what one would
expect. The average time for the FPI method is expected to be larger
than that for the POBD methods because the internal iterations for
convergence are many. For the Kistler case and the baseline con-
vergence tolerance speci� ed, internal convergence often occurred
in zero or one iteration, usually zero for gradient calculation (see
earlier comments on poor gradients for the FPI method). Thus, for
the majority of function calls, the FPI method would take approx-
imately the same amount of time as the POBD method. The time
per function call for the FOBD method was smaller because the
POST subproblems are executed in a parallel manner. The ascent
POST subproblemrequired a longer amount of execution time than
the � yback subproblem, and its average execution time is the lim-
iting factor in Table 6. Even though the two POST subproblems
for the CO method were executed in parallel, the CPU time per
function call was signi� cantly longer than the PODB and FOBD
methods. This was because local optimization of the POST sub-
problems to minimize the J error functions required more compu-
tational effort relative to a simple integration of the equations of
motion.

Note that the results for the POBD method were the same regard-
less of which way the compatibility constraint was posed [either
Eq. (1) or the combinationof Eqs. (2) and (3)]. This observationwas
not the case, however, for the FOBD method. When the compatibil-
ity constraints were formed as one quadratic inequality per design
variable, a feasible solution could not be found. As already men-
tioned,the FOBD method (with separatedcompatibilityconstraints)
had to be restarted to arrive at its solution,whereas the PODB meth-
ods made good progress toward the minimum. The POBD methods
were, therefore, the most robust and were generally preferred for
this class of branchingtrajectoryproblemcharacterizedby nonhier-
archical coupling between the branches, but only a limited num-
ber of feedback variables (in this case only one, the � yback fuel
required).

Additional quantitative results can be seen in Table 7, which
shows the difference in selected values in the � nal staging vec-
tor for the methods. Included for comparison is the manual iteration
method. Because the results for the two POBD methods were al-
most exactly the same, just one is included in Table 7. When it
is assumed that internal convergencetolerances negatively affected
the FPI method staging vector, the results from the other MDO
methods are taken to be more credible. The results imply that a
smaller � ight-path angle (gamma) at staging can reduce � yback
propellantweight consumed and, thus, increase the payload. (In the
FOBD case, the lower staging altitude also has a similar effect.) The

Table 7 Staging data results for K-1

Method Altitude, ft (m) Velocity, ft/s (m/s) Gamma, deg

Manual iteration 138,028 (42,070.9) 4,172.28 (1271.71) 33.337
FPI 138,019 (42,068.2) 4,169.27 (1270.79) 33.520
POBD 2 138,014 (42,066.7) 4,166.92 (1270.07) 33.272
FOBD 137,542 (41,922.8) 4,160.34 (1268.07) 32.892
CO 138,028 (42,070.9) 4,171.15 (1271.37) 32.667
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Fig. 9 Pitch angle vs time for the K-1 � yback trajectory.

returning booster desires this lower angle so that it can perform its
pitchover maneuver more ef� ciently. In contrast, the � ight-path an-
gle at staging in the manual iteration method is under the exclusive
control of the ascent branch.The manual iterationmethod increases
the � ight-path angle slightly relative to the FOBD and CO methods
to improve the orbital stageperformanceunawareof the � yback and
overall system bene� ts to be gained through a compromise.

Through the ascent, the trajectories are very similar with regard
to altitude and velocity. In fact, as can be seen in Table 7, the
staging points chosen by each method are relatively close to one
another. However, the � yback trajectory shows more pronounced
differences. Differing pitch angles during the � yback pitcharound
maneuver are highlighted in Fig. 9. For example, the CO method
selects a higher pitch angle history relative to the other methods
between 30 and 150 s. Although Fig. 9 does highlight the differ-
ences in the solutions reached by each method, the effect of pitch
angle schedule during the portions of the � yback just after � yback
engine cutoff on orbital payload is small due to the extremely low
aerodynamic forces at this altitude.

Conclusions
This paper has provided an introduction to the nonhierarchically

coupledbranchingtrajectoryproblem,using the Kistler K-1 branch-
ing trajectory as an example. One ground rule of the study was to
develop a solution approach that would retain the existing single-
segment trajectory optimization codes widely used in conceptual
design. POST was used to represent this type of code. The de� -
ciencies of the traditionalmethods of the one-and-doneand manual
iteration methods were discussed. The main de� ciency was that
con� icting local objective functions existed in these methods. Each
POST subproblemhad its own objective to full� ll, but compromises
in each individual trajectory segment that could bene� t the entire
trajectory went unexploited. MDO methods introduced a system-
level optimizer that resulted in an overall, system-level objective
being met for the branching trajectory problem. The use of these
methods for the Kistler K-1 problem showed that an increase in
payload weight of 1.5%, on average, could be obtained. When one
considers the costs of launchingpayloads is about $3000–$5000/lb
($6600–$11,000/kg), small payload gains can be signi� cant. More
payload can be put into orbit per launch, and thus, more pro� ts can
be achieved.

The MDO techniquesused to solve the branchingtrajectoryprob-
lem were FPI (an all-at-onceapproach), OBD to eliminate iteration
between the branches (two different formulations), and CO to en-

able parallel subproblem execution with distributed, coordinated
optimizers.The results of solving the K-1 branchingtrajectorywith
MDO methods indicated a preference for POBD when simultane-
ously considering its superior robustness, ease of setup, straight-
forward implementation, fast execution time, and optimality of the
results. A speci� c conclusion from the K-1 trajectory also showed
that a small decrease in the � ight-path angle at staging aided in re-
ducing the booster’s � yback propellant. When it was assumed that
more ascentpropellantwould be availableas a result, this trajectory
compromise allowed more payload weight to be � own to orbit.
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